The Max Box Problem

For the ICT investigation, I have decided to explore the classic problem of the MaxBox.  This is an investigation into making cuboid boxes (without lids) from a sheet of paper (of given dimensions), and trying to discover what the maximum volume of box is that you can make.  This problem is one that has been used repeatedly by teachers for many years because of its accessible nature.  Traditionally students would begin by actually constructing these boxes and then measuring them and hence calculating the volume.  They would continue in this way until the felt they understood the problem well enough to discard the physical props.  At this stage they would normally begin to construct some algebra to express the volume using some variable.  At this stage the usual approach students take is that of a trial and improvement method exploring change in volume in relation to the change of some variable.
I decided instead to try to adopt a more ICT focused method that would lead students through the problem and encourage them to explore the problem from various different angles, starting with some intuitive feel for the answer, moving on the a graphical data handling approach, and finally a more concrete algebraic approach.

The ICT approach I am going to outline below is based upon the use of a pre-programmed Excel spreadsheet which contains a variety of codes and scripts and formulae, to give the exercise a relatively intuitive interface.
The Intuitive Stage:

In this stage of the investigation I want students to explore the problem with out the constraints of formalising the problem.  In this stage students are presented with the image of the Box and a diagram of its net.  They are presented with a slide bar which alters the length of the cut (into the original sheet of paper), which then as a result will redraw the box and net and calculate its volume (see fig 1).
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Max Box Problem

Starting with a piece of 20cm by 20cm paper, and by cutting out squares from the corners it is possible to contruct a box.
The problem is, what cut gives the Box with the biggest Volume?
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figure 1 – Intuitive stage
Graphical Approach:

The next stage is for students to explore the problem from a basic algebraic and graphical approach.  At this point students will have to think about how the various dimensions of the box are related to the size of the cut made (see fig 2).   Using this information they can then explore the problem using an ‘active graphing’ method where as they choose different cut sizes the computer will calculate the dimensions of the box and the volume and plot on the graph the Volume against the Cut size.  Using this approach students are able to explore how the volume changes as they alter the cut size.  Then by looking at the shape of the graph they should be able to more quickly find an approximation to the maximum value. (see fig 3)
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Max Box Problem

The Dimensions of the Paper:

Length: 20 cm
Width: 20 cm

Let C be the Cut Length as marked on the diagram above. Using the Dimension of the Paper given above:

Express the Length of the Box in terms of C

L=

20-2¢

Express the Width of the Box in terms of C

W=

20-2xC

Express the Height of the Box in

H=

terms of C
o]

Fill in the Following Table:
By choosing different Cut values, complete the table ry to find
the Maximum Volume.

Cut
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Express the Volume of the Box in terms of LW and H
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x

600

Relationship between Cut and Volume

500

Value (¥) Axis Major Gridines

1« v W Introduction ' Exploring /

200

100

1 2 3 a 5 6 7
Length

En

@)





figure 2 – Introduction to the Algebraic Approach
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Max Box Problem

The Dimensions of the Paper:

Length: 20 cm
Width: 20 cm

Let C be the Cut Length as marked on the diagram above. Using the Dimension of the Paper given above:

Express the Length of the Box in terms of C

L=

20-2¢

Express the Width of the Box in terms of C

20-2xC
terms of C
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Express the Height of the Box in

W=

H=

Fill in the Following Table:
By choosing different Cut values, complete the table ry to find
the Maximum Volume.
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figure 3 – Active Graphing
When students have had a chance to explore the problem from a graphical approach they will be asked to give what they feel is the maximum value.  They will then have to compare their original estimate from the intuitive stage with the value they have now found (see figure 4).
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figure 4 – Initial Conclusions & Comparison to estimate

Algebraic Approach:

At this point in the investigation students are told that there is a smooth curve which passes through the points they have plotted.  They are encouraged to explore altering the co-efficients on the cubic graph to see if they can find the graph which passes through the points (see fig 5).  I do not really expect them to find the co-effiecients by random guesswork, but would encourage students to look back at what they have done thus far and see how this might help them find the equation (see fig 2).
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figure 5 – Algebraic Approach
Finally students are asked to verify their equation for one point on the curve by using values from their table.  When they have done this they will be presented with a very open ended question about how they might use this new algebraic representation of the problem to help them find a solution (see fig 6).
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43 By entering suitable values in the boxes below, find the equation of the curve relating volume V and Length L:
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47 Verify the equation of the curve using any one set of values Cut and Volume above:
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49 Cut Length Width Height Volume Volume from Equation

a0 2 16 16 2 512 512

51

52 Explain how you think you the maximum value of VV might be obtained from the equation you formed above.
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Figure 6 – Where do we go from here?

Depending on the age of student you use this problem with you are likely to get very different answers to this question.  Students lower down the school may be unsure what if anything they could do with this.  GCSE students may be aware of software solutions like autograph (or even solver within Excel) which can be used to find maximum values of functions.  Some students maybe aware of the ability to use Graphical Calculators to find maximum values.  At A-level students may either be aware of the use of calculus to solve problems like this.  If they are not aware of calculus then this exercise could act as a natural lead in to why we may need something like calculus.
As I have begun to outline above this activity has the potential to be used with a variety of students at a variety of levels.  Year 7/8 Students would be able to engage with most of the activity, although they may need some guidance when it comes to exploring the algebra.  It may also be appropriate in that case to stop the activity after the Graphical stage.  GCSE students should be able to engage with all of the activity, although maybe unaware of what is available to assist them with dealing with the algebraic function they end up with.  They may require some guidance at this stage, or this uncertainty could be used as a springboard to encouraging students to ‘play’ with various technological aids, and explore how these could be used to find a solution.  A-Level students would be able to engage with all the areas of this task and should be able to give reasoned suggestions as to how they might use the equation they obtain to find a maximal solution.  This activity could also be used as a motivation for the use of calculus.

Depending upon the age and ability of the students involved they are likely to take different things away from the activity.  However the main objective of the task is to encourage students to think about mathematics in a more holistic way.  This task requires them to consider the same problem form various perspectives.  Which should hopefully enable them to begin to see the links between their intuitive approach; graphs and numerical work; and algebra.  This links are central to mathematics but can be very hard to explicitly teach.  The overlap of approaches here should hopefully enable to appreciate that the same problem can often be approached from various different perspectives.

To successfully complete this task students would need a minimal understanding of algebra (or some guidance on these sections), and some basic skills in reading graphs.  The will also need to be aware of how to calculate the volume of the cuboid.  Beyond this students should be able to engage with this task without too much further assistance.  In terms of resourcing, students would really need as a minimum access to one computer between two.
Comparison to the conventional approach:

At this stage we will consider how this approach differs from a more conventional approach and what advantages and disadvantages this presents.  As I previously mentioned the conventional approach encourages students to begin by actually constructing some boxes.  This has the advantage of grounding the problem in reality and giving students something physical to deal with.  I feel it could be very advantageous for students taking either approach to begin by actually constructing some real boxes as this will help them visualise the problem.  The major advantages of the ICT approach comes when we start considering a graphical or numerical approach.  Without the use of ICT, calculation of volumes for various cut sizes can become a time-consuming and laborious process, couple this with trying to do a graphical approach, where students are required not only to calculate these points but also to plot them on a graph and this becomes a very uninspiring activity for the students.  However as the ICT takes much of the repetitive nature out of the process, it enables students to focus on the much more valuable activity of interpreting the mathematics.  Also the speed advantage is also hopefully going to assist students in seeing the links between the various areas of the activity and hence these topic areas within mathematics.
Another advantage of ICT is that it enables students to explore possible approaches or solutions without having to invest a lot of time into checking if they were appropriate.  This helps students to develop an experimental approach to mathematics where they are willing to have a go and explore a possibility without undue fear of failure.  This is a very important feature of a good mathematician, as fear of failure will often hold people back from genuine innovative thought.
The disadvantages of using ICT are that the resource requirements are high, classes would require somewhere around 15-30 computers, preferably with access to an IWB (for demonstration purposes.  Not only this it is often the case with school computer networks that a number of machines will not be full operational or may be missing various peripherals.  Also there is requirement for teachers and students to invest time in becoming accustomed to the way the computers and software work.  Without this initial and ongoing investment both parties are likely not to find the use of ICT beneficial in the long run.

Overall I think the use of ICT if properly planned and resources can be immensely valuable for students’ development, and general mathematical education.
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